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This paper reports on the experimental examination of the deformation characteristics near a crack tip in a cyclically
work-hardened copper single crystal using a 2D surface scans with nano-indentation. The experimental methodology
enables the characterization of the primary deformation ﬁeld near a crack tip via the modulation of the imposed secondary
deformation ﬁeld by a nano-indentation. In a heavily deformed 4-point bend specimen, the measurements showed an exis-
tence of an asymptotic ﬁeld around the crack tip at a distance of RP 2.5J/r0. The measurements also showed the qual-
itative details of toughness evolution within the high-gradient deformation ﬁeld around the crack tip. The nature of
dislocation distribution (i.e. statistically distributed vs. distributions necessitated by geometry) around the crack tip is
quantiﬁed. The measurements indicate the dominance of the geometrically necessary dislocation within the ﬁnite deforma-
tion zone ahead of the tip up to a distance of R  3J/r0. Thereafter, it is conﬁned in radial rays coinciding with the sector
boundaries around the crack tip. These measurements elucidate the origin of the inhomogeneous hardening and the size
dependent macroscopic response close to crack tip.
 2006 Elsevier Ltd. All rights reserved.
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When plastic dissipation exists near a crack tip in metals, a much tougher crack response is observed with
an elevated macroscopic work of fracture compared to that required to separate the crack surfaces (e.g. Irwin,
1958; Freund, 1998; Tvergaard and Hutchinson, 1992). Classical continuum plasticity has provided signiﬁcant
insight into the interaction between plastic ﬂow and fracture process. In this framework, the maximum stress
attained at a blunted mode I crack tip is three to ﬁve times the material ﬂow strength. Typically, such levels of
ﬂow stress are too low to cause atomic separation. This is of particular importance when phenomenological
cohesive surface models of fracture are used in conjunction with continuum plasticity (e.g. Needleman, 1990;0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.05.029
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A.F. Bastawros / International Journal of Solids and Structures 43 (2006) 7358–7370 7359Tvergaard and Hutchinson, 1992). Alternatively, non-local plasticity theories can give rise to higher stress lev-
els in the vicinity of the crack tip. The analysis of Wei and Hutchinson (1997) has predicted that the stress ﬁeld
ahead of a sharp crack tip should converge to that of the local plasticity theories (continuum mean-ﬁeld con-
stitutive relations with size independent response) at a distance of approximately 10 lm. This view is also sup-
ported by the preliminary discrete dislocation analysis of Cleveringa et al. (2000) and Bittencourt et al. (2003).
Projecting on this view, the experimental measurements of Bastawros (1997) and Bastawros and Kim (1998,
2006) showed that in copper single crystal, the crack tip ﬁeld converges to that described by local plasticity
theories at a distance of approximately 300 lm from the crack tip. Apparently, it may not be the plastic
strain-gradient eﬀect as formulated in the current form! The missing ingredient could be the eﬀect of limited
dislocation mobility in a small volume near the crack tip. The reported trend suggests an early evolution of
deformation-induced microstructural size scale within this inhomogeneous ﬁeld. This size scale sets the nature
of hardening characteristics close to the crack tip.
The plane-strain crack tip asymptotic ﬁeld in a ductile single crystal, depicted in Fig. 1, was shown to have a
sector-type structure, due to the activation of pairs of planar slip systems (Rice, 1987). For perfect plastic ﬂow,
the stress state is uniform within each sector, and corresponds to one of the in-plane yield surface vertices. The
orientation of the sector boundaries correspond to either slip plane traces (shear mode) or their normals (kink
mode). The sector boundaries experience jump in the stress state that corresponds to moving from one vertex
to its adjacent one, as well as a slip displacement discontinuity due to concentrated plastic shearing. The near
crack tip ﬁeld was further shown to have HRR-type singularity if the crystal is assumed to follow Taylor
power-law hardening (Saeedvafa and Rice, 1989) as well as other hardening rules (Cuitino and Ortiz,
1996). Experimental works reported, so far, on the asymptotic ﬁelds in single crystals are in two categories[12]
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Fig. 1. (a) Crack orientation. (b) The corresponding FCC planar yield surface for the active slip systems on the (101) plane. Slip traces
relative to the crack orientation are shown. (c) The sector-type ﬁeld of Saeedvafa and Rice (1989).
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Robertson, 1963; Vehoﬀ and Neumann, 1979, Nikolic, 1989; Cho and Yu, 1991; Forest et al., 2001; Crone
et al., 2004), and the other in quantitative measurements of the deformation ﬁeld (Shield and Kim, 1994;
Shield, 1996; Bastawros, 1997; Bastawros and Kim, 1998; Crone and Shield, 2001, 2003; Kysar and Briant,
2002). Some of these measurements of the deformation ﬁeld ahead of the crack tip bear some resemblance
to the sector-type ﬁled proposed by Rice (1987) or by Saeedvafa and Rice (1989). Nikolic (1989) observed
the sector angles in what is termed by Rice as orientation-I of a pre-hardened copper (FCC) and Fe–3%Si
(BCC) single crystals. These measurements were in agreement with an earlier study of the same crystal (Tet-
elman and Robertson, 1963). Utilizing two completely diﬀerent techniques; Bastawros and Kim (1998) utiliz-
ing the ﬁnite deformation laser moire´ interferometry to study pre-hardened copper crystal and Kysar and
Briant (2002) utilizing the orientation imaging via electron backscatter diﬀraction (EBDS) technique to study
annealed aluminum crystal, have veriﬁed several details of the Rice’ sector-type ﬁeld. However, for those crys-
tals termed orientation-II, Nikolic (1989) and Shield and Kim (1994) found that the near tip ﬁeld is completely
diﬀerent from Rice’s ﬁeld. In addition, for annealed copper crystals with both orientations, Shield (1996), Bas-
tawros (1997) and Crone and Shield (2001, 2003) found that none of the previously mentioned asymptotic
ﬁelds could be identiﬁed near the tip. For example, the sector angles turn towards crack-face direction as
the distance from the crack tip increases (Cho and Yu, 1991; Shield, 1996; Bastawros, 1997; Crone and Shield,
2001, 2003). The curving of the sector boundaries for annealed copper crystals is believed to be caused by
multi-stage hardening behavior which makes the deformation history follow a highly non-proportional
loading.
From the above discussion, it is clear that several of the ductile single crystals follow the asymptotic sector-
type ﬁeld proposed by Rice. In this work, we are interested in experimentally examining the hardening evo-
lution and the nature of dislocation near a crack tip in such class of crystals. We will focus on the possibility
of utilizing nano-indentation technique to examine the existence as well as the domain of validity of the HRR-
type asymptotic ﬁeld in a pre-hardened copper crystal. The measurements will be based on scanning the near
crack tip area by a two dimensional array of nano-indentation. Such approach requires well known hardening
characteristics. Therefore, the cyclically work-hardened copper crystal is thought to exhibit an approximate
and well deﬁned Taylor power-law hardening behavior. The novelty of this simple approach is that a 2D sur-
face scan with the same indentation depth will provide a quantitative estimate of the spatial distribution of the
current ﬂow stress within the highly gradient deformation ﬁeld near the crack tip.
2. Proposed experimental protocol
A new conceptual methodology is devised here utilizing nano-indentation technique (see for example Oliver
and Pharr, 1992; Pharr et al., 1992 among many others) to quantitatively evaluate the state of material hard-
ening within the highly gradient deformation ﬁeld around a crack tip. For polycrystalline ductile metals,
indentation hardness is usually considered to be an average measure of their yield strength in compression,
wherein the indentation contact area is larger than the grain size (Tabor, 1951; Atkins and Tabor, 1965).
One could assume that the Von Mises ﬂow rule applies and that the Tabor’s factor of 3, can be used to convert
equivalent stress to hardness (H ¼ 3r;r ¼ ﬃﬃﬃ3p sÞ. However, for nano-indentation of single crystal, two new
issues arise; (i) the elastic anisotropy of the crystal, which leads to orientation dependent ﬂow stress, and
(ii) the size dependent of the measured hardness on the indentation depth (Gane and Cox, 1970; Pethica
et al., 1983; Tabor, 1986; Samuels, 1986; Doerner and Nix, 1986; Ma and Clarke, 1995). The role of elastic
anisotropy can be eliminated by ﬁxing the orientation of the pyramidal indenter relative to surface crystallo-
graphic orientation. In addition, the eﬀect of indentation depth can be greatly minimized if the total indenta-
tion depth is kept constant or alternatively by keeping the level of the applied load constant. With this
approach, we can arrive at an estimate for the current state of hardening, either in situ or after loading. To
examine the variation of this relationship within the deformation ﬁeld of a crack tip, we have to understand
ﬁrst the nature of a crack tip ﬁeld.
When the mechanical behavior of a metallic single crystal obeys a Taylor power-law hardening character-
istics, the deformation ﬁeld near the crack tip presents the asymptotic HRR-type singularity (Saeedvafa and
Rice, 1989) for the stress, strain and displacement in the forum,
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; uðrÞ  r 1nþ1: ð1ÞThis relation is valid within an annular zone with an inner bound of about rP J/r0 (for a/w = 0.5 and n = 10;
O’Dowd and Shih, 1991, 1992) that deﬁnes the extent of the ﬁnite deformation zone. The outer bound is a
strong function of the specimen geometry, but within the assumption of small scale yielding, it is about 20–
25% of the plastic zone size (McMeeking, 1977; McMeeking and Parks, 1979).
2.1. Characteristics of the crack tip ﬁeld by nano-indentation
Upon loading and unloading a cracked conﬁguration, the material volume within the plastic zone would
have experienced highly non-uniform deformation, leading to a variance in the hardening level and the cor-
responding current ﬂow stress. For those material points that were encompassed by the asymptotic ﬁeld within
the plastic zone, the spatial distribution of the current ﬂow stress should follow those dictated by r(r) given by
Eq. (1) at the ﬁnal step of the fully loaded state. If a secondary indentation ﬁeld is to be applied at such spatial
point, the observed hardness level, H(r) should be close to those dictated by the singular stresses of HRR-type
ﬁeld of Eq. (1). Accordingly, along any radial direction wherein HRR-type ﬁeld has to exist, the measured
hardness by nano-indentation (H = Pmax/Ac; Pmax is the maximum applied load and Ac is the contact area)
would approximately present a radial dependence of the forum,HðrÞ  rðrÞjHRR type field 
1
r
  1
nþ1
: ð2ÞThis relationship provides a direct measure for the domain of validity of the asymptotic ﬁeld around the crack
tip.
2.2. Examination of dislocation nature around a crack tip
The deformation ﬁeld ahead of a crack, being highly inhomogeneous, is thought to be accommodated by
the two common types of dislocations; the statistically stored (SSD) and the geometrically necessary (GND)
dislocations (Nye, 1953; Ashby, 1970). The role of the GND is to accommodate for the lattice stretch around
the crack tip area, as well as the local lattice rotation at the sector boundaries (Ashby, 1970; Sun et al., 2000;
Kysar and Briant, 2002). Considering the asymptotic nature of the crack tip ﬁeld, the presence of GND is
thought to increase the local ﬂow stress as well as the total number of dislocations. The basic functional form
of Taylor (1938) relationship expresses the dependence of the ﬂow stress s on a slip plane as a function of the
total dislocation density on that plane. The simplest form to combine the SSD and GND densities is a linear
sum in the form (Ashby, 1970; Stelmashenko et al., 1993; De Guzman et al., 1993; Fleck et al., 1994; Ma and
Clarke, 1995; Nix and Gao, 1998):s ¼ CGb ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqs þ qgp ; ð3Þ
where G is the shear modulus, b is the magnitude of the Burgers vector and C is a proportionality constant
(C = 1/3, Ashby, 1970). qs and qg are the SSD and GND densities, respectively. qg is related to the gradient
of the strain by compatibility requirements. Following Ma and Clarke (1995) simpliﬁed dimensional analysis
for size dependent hardness, we can write the role of the asymptotic ﬁeld on qg asqgðrÞ 
C1
b
reðrÞ

HRR type field
 C1
b
J
r0
  n
nþ1 1
r
 2nþ1
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E
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:
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that depends on n as well as the angular orientation of the radial comparison (i.e. the universal angular func-
tions of the HRR-type ﬁeld). Following the proportionality of the hardness and the ﬂow stress, the spatial
hardness distribution as a function of the dislocation densities can be expressed asFig.HðrÞ ¼ Gb qs þ
C1
b
J
r0
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r
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" #1
2
: ð5ÞThis expression, while being an order of magnitude approximation, elucidates the relative contribution of the
GND and the SSD in the deformation ﬁeld around the crack tip. Moreover, it would provide the ratio of qg/qs
as a function of the radial distance form the crack tip. It should be clearly stated that in writing Eq. (4), the
role of the local nano-indentation deformation ﬁeld in disturbing the structure and the relative distribution of
the dislocations is completely ignored. Such assumption is acceptable as long as the indentation contact area is
kept the same at each spatial location of an r-distance from the crack tip.
Refocusing our attention on the angular variation of the hardness, a simpliﬁed phenomenological approach
is employed here to identify the nature of dislocation (GND vs. SSD) due to a primary loading history. To
achieve this goal, consider the two primary deformation paths, depicted in Fig. 2. Deformation path A follows
a mean ﬁeld ‘‘local’’ representation, wherein the current ﬂow stress depends on the local strain increment, and
plastic slip is considered to be accommodated only by the SSD. Upon reloading with the secondary deforma-
tion ﬁeld of nano-indentation, the equivalent stress beneath the indenter at state A 0 has to reach the previously
attained stress level A due to the primary deformation. Such loading level is required to induce further plastic
ﬂow of the material. The measured hardness should be indicative of the current ﬂow stress of the material.
Deformation path B follows a non-local representation, wherein the current ﬂow stress depends on both
the local strain increment and its derivatives. In this case, the plastic slip is considered to be accommodated
by both GND and SSD. Upon unloading and reloading with the secondary indentation ﬁeld, the material will
follow the deformation path B 0. It can be speculated that a much softer response is anticipated, wherein the
current ﬂow stress is the same or slightly higher than that of a similar point of the material which would have
followed a local representation to reach the same strain level during the primary course of deformation. Such
assumption can be appreciated by evoking the origin of gross plastic deformation behavior in ductile single
crystals as proposed by Taylor (1938) wherein the macroscopic ﬂow stress is a function of the mobile dislo-
cation density only. Accordingly, while both states could have the same dislocation densities, however, the
level of available mobile segments for the secondary deformation could be reduced with the increase of the
GND density (see Bammann and Aifantis, 1982; Abu Al-Rub and Voyiadjis, 2004 for a full mathematical
framework). This assumption is true when clustering and pinning of dislocations across sector boundaries
is signiﬁcant. Following this hypothesis, when a softer hardness is seen from the secondary nano-indentation
measurements, it can be argued that the matrix has sustained an elevated level of the GND during the primarySecondary deformation 
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2. Conceptual stress–strain relations, showing the eﬀect of the non-local plasticity response on the secondary indentation ﬁeld.
A.F. Bastawros / International Journal of Solids and Structures 43 (2006) 7358–7370 7363stage of deformation. Moreover, if one assumes that neighboring points on an angular sector with the same
radial distance from the crack tip have approximately the same total dislocation density, then an order of mag-
nitude analysis, employing Eq. (3), provides the ratio of the immobile GND relative to the total local dislo-
cation density asFig. 3qgjimmobile
qs þ qg
¼ 1 HðrÞ
H 0ðrÞ
 2
: ð6ÞHere, H(r) is the reduced hardness level at a spatial point around the crack tip, H0(r) is the local average hard-
ness around that point (usually is higher). No further details can be gained for the relative ratio of qg/qs from
this local analysis.
3. The examined copper crystal
The copper crystal was grown from an oriented seed in a graphite mold under argon environment, using the
Bridgeman technique. The oriented crystal was cut using a wire cutting electro-discharge machine (EDM). Two
brass extensions were silver brazed to the single crystal section to form an extended beam (see the inset of
Fig. 3). The extended beam is cyclically hardened along the axis in a fully reversed tension-compression using
a reported procedure (Yan et al., 1986) to avoid formation of slip bands and cell boundaries. This hardening
technique insures a degree of macroscopic matrix structural homogeneity (veins or loop patches of dislocation
network). The compression test of the hardened crystal exhibited power-law hardening with hardening expo-
nent n = 8 and a yield strength of r0 = 120 MPa in the [100]. Details of the hardening process are given in
Bastawros (1997). An EDM notch of 2.06 mm length and front notch radius of 55 lm was introduced. A
fatigue crack was grown from the notch under a 50 lm plastic zone to a length of 0.49 mm and a radius
r0 < 2 lm. The specimen has a rectangular cross section of width w = 6.33 mm, thickness B = 4.77 mm and
a total crack to width ratio a/w = 0.41 (Fig. 3).
The specimen was loaded in a 4-point bending jig by a computer controlled Instron machine in a displace-
ment control mode. The crack root opening displacement, dr, was recorded via a clip gauge over the crack
mouth. The load, F vs. dr curve is shown in Fig. 3. The deformation ﬁelds were measured with a ﬁnite defor-
mation laser-moire´ interferometry at a length scale resolving the deformation within individual sectors around
the crack tip. A nominal J-integral value is evaluated from the area under the F–dr curve (Rice et al., 1973).
The J-value is used to set a length scale J/r0 which is proportional to the applied load level. The experimen-
tally estimated length scale is used for comparison with theoretical and ﬁnite element predictions.
Details of the experimental analysis and results are found elsewhere (Bastawros, 1997; Bastawros and Kim,
2006). Here, a summary of the experimental ﬁndings are given to correlate with the indentation measurements.
The measurements revealed the sector-type deformation ﬁeld around the crack tip as indicated in Fig. 4.
The inner image is an optical micrograph of the surface texture within 500 lm around the crack tip. The0.0 0.1 0.2 0.3 0.4 0.5
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Fig. 4. Surface texture (inner) and slip activity from moire´ (intermediate, ‘‘( )’’) and HRR-type asymptotic solution of Saeedvafa and Rice
(1989) (outer, ‘‘[ ]’’), within 800 mm from the crack tip. Numbers correspond to active slip systems in Fig. 1(b) (Bastawros and Kim, 1998).
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measurements. The corresponding stress states are marked by the round brackets, relative to the yield surface
of Fig. 1(b). The texture of the outer circle represents Saeedvafa and Rice (1989) HRR-type solution with the
stress states marked by the square bracket. The ﬁeld encompasses diﬀerent slip systems, among ﬁnite number
of slip systems of the crystal, which are activated from one sector to another. We found from the measured
components of the in-plane strain that the near crack tip deformation ﬁeld converges to that of local plasticity
theories (e.g. Rice, 1987; Saeedvafa and Rice, 1989) at a distance of approximately 300 lm from the crack
tip. Fig. 5 summarizes the measurements on a phenomenological asymptotic limit map of the HRR-typeOuter ra
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Fig. 5. The asymptotic limit map of the HRR-type asymptotic ﬁeld.
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external loading as the applied J-value normalized by r0. The vertical axis is the distance from the crack tip.
The experimental data presented in Fig. 5 is the average of the inner and outer radii of this asymptotic zone at
each loading step. The eﬀect of the initial blunted notch radius, r0, the ﬁnite deformation zone, and ﬁnite spec-
imen dimensions are also presented in Fig. 5. The constructed asymptotic limit map shows that the inner
bound was almost independent of the applied loading and was set at a distance of 300 lm from the crack
tip, for an extended range of loading (J/r0 6 250 lm). However, at higher remote loadings, it started to
expand, evolving with deformation and following the ﬁnite deformation limiting bound. The outer boundary
evolved with deformation.
4. Nano-indentation measurements
The 4-point bend specimen was loaded to a ﬁnal level of J/r0 = 550 lm and dt/2r0 = 38, where dt is the
crack tip opening displacement. Upon ﬁnal unloading, the deformed crystal was sectioned and the middle plan
surface was polished. A nano-indenter (TriboIndentorTM by Hysitron Inc.) was utilized to impose the regular
patterns of nano-indentation with a Berkovich tip of about 100 nm tip nose radius and a maximum imposed
load of 5000 lN. This load level provides about 350 nm of indentation depth and about a micron of process
zone below the indenter tip (a suﬃcient deformed volume to sample the local material behavior). The inden-
tation depth is about six times the tip-noise radius, and thereby minimizing its geometric eﬀect. Radial and
angular lines of indentation scan were carried out around the crack tip region with various spacing; 25 lm
within a 1000 lm from the crack tip then with a 50 lm spacing thereafter. The spatial distribution of the mea-
sured hardness under the constant indentation load is shown in Fig. 6 for the noted three radial directions. The
measured hardness clearly indicates signiﬁcant scatter and possibly no correlations. However, two issues have
to be noted here: (i) while nano-indentation measurements are notorious for scatter with a 5–50% scatter band
in some instances, our measurements on a well annealed crystal showed a scatter band of about 2–3% around
the mean value. (ii) Plastic deformation is inherently heterogeneous with glide band clustering that result in
slipped and unslipped regions. Accordingly, a combination of a 5-point moving average (100 lm window)
and a band pass ﬁlter (rejects any scatter beyond 5% of the moving average) were applied to the data of
Fig. 6. The results were normalized with the average hardness measurements at a distance of 300 lm from
the crack for each angular direction. The distance was normalized by (J/r0). The normalized data set is plotted
on a log–log scale in Fig. 7. Despite the remaining scatter, three distinct domains can be possibly identiﬁed on
this plot. The ﬁrst is the inner domain around the crack tip with elevated but possibly saturated level of hard-
ness. The second is an intermediate transitional domain found at about RP 2(J/r0). In this sector, the hard-
ness is progressively decaying with the radius and closely follows the trend of Eq. (2), which is depicted by a0 1000 2000 3000 4000 5000
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Fig. 6. Radial dependence of the nano-indentation hardness measurements. The data shows signiﬁcant scatter that prohibit the
identiﬁcation of the asymptotic ﬁeld.
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7366 A.F. Bastawros / International Journal of Solids and Structures 43 (2006) 7358–7370line having slope of (1/n + 1). The third is the outer domain starting at RP 7–8(J/r0) with about 90% of the
hardness level of the inner domain. These domains can be thought of as the inner and out bound of the asymp-
totic ﬁeld around the crack tip.
The angular measurements of the indentations are shown in Fig. 8 at a distance of 100, 300, 500, 750,
1000 lm from the crack tip (R = 0.18–1.8J/r0). The marked lines represent the sector boundaries derived from500μm
750μm
1000μm
0.95
1
1.05
0.95
1
1.05
0.95
1
1.05
0.95
1
1.05
-180-120-60060120180
0.95
1
1.05
300μm
100μm
Angle (degree)
H
 (G
Pa
)
(6) (4) (2)
(3)
(12)
(5) (11)(1)
(12)
(11)
(2)(2)
(3)
(10)
(1) (1)
(12)
(9)
Fig. 8. Angular variation of the measured hardness values at diﬀerent radii. The abrupt drop in hardness closely matches the sector
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sector boundary. Note that the positive and negative sides of the crack tip ﬁeld are slightly diﬀerent due to a slight mode mixity.
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corresponds to the various sectors. It is remarkable to observe that all the points of lower hardness level
(i.e. a short dip in the angular distribution of hardness around the crack tip) correspond well with sector
boundaries. Only a single line is found at h = 18 that does not correspond to any particular sector boundary.
Closer to the crack tip, a reduced level of hardening is observed, which could be indicative of dislocation anni-
hilation at the free surface of the crack. On average, the hardening level is progressively increasing away from
the crack tip up to a radius of 500 lm or (R  J/r0). This limit is usually considered as the extent of the ﬁnite
deformation zone. At a radius of a 100 lm, there is no signiﬁcant variation in the hardness level over the angu-
lar trajectory. Starting at R = 300 lm, the front sector of deformation zone ahead of the crack tip shows a
reduced level of hardness or ﬂow activity. Moreover, there are several angular locations wherein the hardness
is lower than the surrounding average. These locations correspond approximately to the sector boundaries of
the HRR-type asymptotic ﬁeld that are revealed by the surface strain measurements. These transition domains
are distinct for the +ve forward sector at R = 500–750 lm (R  1–1.5J/r0).5. Discussion
This work presents a unique methodology to examine the spatial hardening evolution due to a primary ﬁeld
(e.g. the deformation gradient ﬁeld of a the crack tip) via the interaction with the secondary deformation ﬁeld
imposed by nano-indentation. The measurements provide quantitative details about the extent of the asymp-
totic ﬁeld as well as details about the nature of dislocation distribution around the crack tip. It should be noted
here that while other similar techniques like contact stiﬀness mapping could be an option, however, it was pro-
ven useless for deformation ﬁelds accompanied with signiﬁcant evolution of surface roughness.
The measurements as collected did not show clearly the radial trend of the asymptotic ﬁeld around the
crack tip due to the local ﬂuctuation of the measured hardness value. However, after imposing the appropriate
data ﬁltering, the domain of validity of HRR-type asymptotic ﬁled became clear. The asymptotic ﬁeld spanned
an annular zone of about 2.5 6 R/(J/r0) 6 7–8. This result is slightly larger than those commonly reported by
ﬁnite element simulation (e.g. McMeeking and Parks, 1979; Shih and German, 1981), wherein the asymptotic
ﬁeld is bounded by 1 6 R/(J/r0) 6 3. It is worth noting here that based on the full ﬁeld in-plan ﬁnite strain
measurements of Bastawros and Kim (2000) of the crack tip ﬁeld in a 4-point bend polycrystalline aluminum
specimen, the ﬁeld showed self similarity and asymptotic behavior up to R/(J/r0) 6 40.
The radial variation of the hardness around the crack tip shows qualitatively the relative dominance of the
SSD vs. the GND. The dominance of the GND near the crack tip within a distance of 300–500 lm enforces
the noted eﬀect of an early evolution of a deformation-induced microstructural size scale. This size scale sets the
nature of hardening characteristics close to the crack tip. Beyond this elevated hardening zone, details about
the GND and SSD can be obtained by ﬁtting the experimental data to Eq. (5) through rearrangement in the
formH 2ðrÞ ¼ Aþ B 1
r
 2nþ1
nþ1
: ð7ÞHere A and B are the correlation ﬁtting parameters for a consistent MKS unit system. These constant were
evaluated at several radial directions. For n = 8, Burgers vector of copper b = 2.556 A˚ and reasonable shear
modulus of G = 45 MPa, ﬁtting the experimental data to Eq. (7) for h = 0 yields A = 1.86 · 1011,
B = 1.94 · 1012 with a coeﬃcient of determination of 80%. These values render qs = 1.41 · 109 m2. For
R = 3(J/r0), we estimated C1 = 2960, and qg = 2.6 · 1015 m2. For h = 90, the ﬁtting parameters are
A = 1.35 · 1011, B = 1.70 · 1012 and the coeﬃcient of determination is 78%. The corresponding densities
are: qs = 1.0 · 109 m2, C1 = 2590, and qg = 2.3 m · 1015 m2. These results show reasonable ability of this
simple order of magnitude analysis to capture the data trend with 80% matching. Such range is acceptable,
given the signiﬁcant scatter in the original data. In addition, the range of dislocation densities are within
the common range of heavily deformed metals, especially for the GND. It is also worthy to note two addi-
tional results: (i) the GND dominates the deformation ﬁeld near the crack tip with six order of magnitudes
diﬀerence relative to the SSD, (ii) the dislocation density distribution has a modest dependence on the angular
Fig. 9. Pictorial representation of the domain of inﬂuence of both statically distributed and geometrically necessary dislocations, as
derived from the measured hardness levels.
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are within the acceptable range, additional TEM veriﬁcations are needed to verify the predicted dislocation
density by this approach. Moreover, other correlations between GND and SSD densities and the total dislo-
cation density should be examined to verify the observed trend. These methods include the harmonic sum
(Fleck and Hutchinson, 1997) or the generalized power sum (Kocks et al., 1975; Abu Al-Rub and Voyiadjis,
2004) of dislocation densities.
By utilizing the concept illustrated in Fig. 2 to distinguish between the GND and SSD, one could arrive at
the relative distribution sketched in Fig. 9. The angular measurements of nano-indentation show that near the
crack tip, there is a dominance of the GND, depicted by lower level of hardness. They continue to remain
dominant within narrow radial bands that correspond to the transition sectors, especially for the boundaries
of sector (2) and (4) of Fig. 1(c) and extends to a large distance of R/(J/r0)  3. Such observation may explain
also the deviation from the asymptotic ﬁeld inner bound set by the continuum-based local formulation FEM
predictions. Moreover, for R = 750 lm, and h = 45, Eq. (6) provides an estimate of 7–10% of total disloca-
tion density as an immobile GND near the sector boundaries. This value would provide about 30% reduction
of the measured ﬂow stress from the secondary ﬁeld imposed by the nano-indentation. This ﬁnding justiﬁes the
assumption of the secondary deformation path of B 0 after the primary deformation path of B that followed
non-local deformation characteristics.
The presented experimental protocol has provided new insight on the dislocation characteristics and distri-
bution around the crack tip. These measurements could be used in the evaluation and calibration of non-local
deformation theories. The measurements elucidate that the current framework of strain-gradient plasticity
may not be adequate when applied to highly inhomogeneous deformation ﬁeld with diﬀerent geometric con-
straints than those used for calibration (e.g. micro-indentation, micro-bend and twist experiments). Additional
experimental work is needed to understand the small volume deformation, and the mechanisms that trigger
and govern the observed inhomogeneous hardening. In particular, the presented protocol does not diﬀerenti-
ate between lattice stretch gradient and local lattice rotation (e.g. Wei and Hutchinson, 1997). In addition, this
technique can not ascertain the nature of the sector boundary, whether it is of a glide type or a kink type.
However, additional calibration of this technique in combination of auxiliary ones that identify local lattice
rotation (e.g. Kysar and Briant, 2002) may provide new insight on these deformation mechanisms. It remains
an uncharted quest to correlate the deformation-induced characteristic length scale to an intrinsic material
length scale (e.g. Burgers vector, active slip spacing or grain size).
6. Conclusion
A novel approach employing the nano-indentation methodology is presented in this paper to quantitatively
evaluate the spatial distribution of the current ﬂow stress and the corresponding dislocation density due to a
highly gradient deformation ﬁeld (e.g. a crack tip ﬁeld). The approach is applied to the deformation ﬁeld of a
crack tip in a cyclically work-hardened copper single crystal. The measurements showed the extent of the
asymptotic ﬁeld around the crack tip at a distance of RP 2.5J/r0. Within this asymptotic zone, the measured
hardness is found to have the same characteristics as those of the asymptotic stress distribution around the
crack tip. The detailed measurements showed also that the GND are dominating the deformation ﬁeld up
A.F. Bastawros / International Journal of Solids and Structures 43 (2006) 7358–7370 7369to a distance of R/(J/r0)  3. The GND density is about six orders of magnitudes higher than that of SSD.
Beyond this domain, the GND are conﬁned in radial rays coinciding with the sector boundaries around
the crack tip with about 10% of its density being immobile. These measurements elucidate the origin of the
inhomogeneous hardening and size dependent macroscopic response close to crack tip.
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